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Abstract

We present a convergence analysis of the iterative lin-
ear exponential quadratic Gaussian algorithm from a first-
order optimization viewpoint. The iterative linear expo-
nential quadratic Gaussian algorithm is a classical method
for risk-sensitive nonlinear control. We identify the objec-
tive that the algorithm actually minimizes and show how
the addition of a proximal term guarantees convergence to
a stationary point.

Introduction

We present a convergence analysis of the classical it-
erative linear quadratic exponential Gaussian controller
(ILEQG) [Whittle, 1981] for finite-horizon risk-sensitive
or safe nonlinear control. The ILEQG algorithm is partic-
ularly popular in robotics applications [Li and Todorov,
2007] and can be seen as a risk-sensitive or safe coun-
terpart of the iterative linear quadratic Gaussian (ILQG)
algorithm recently analyzed by Roulet et al. [2019]. We
adopt here the viewpoint of the modern complexity anal-
ysis of first-order optimization algorithms.

We address the following questions: (i) what is the con-
vergence rate to stationary point of ILEQG? (ii) how can
we set the step-size to guarantee a decreasing objective
along the iterations? The analysis we present here sheds
light on these questions by highlighting the objective min-
imized by ILEQG which is a Gaussian approximation of a
risk-sensitive cost around the linearized trajectory. We un-
derscore the importance of the addition of a proximal reg-
ularization component for ILEQG to guarantee a worst-
case convergence to a stationary point of the objective.

The main result of the paper is Theorem 2.5, where a

sufficient decrease condition to choose the strength of the
proximal regularization is given. The result also yields
a complexity bound in terms of calls to a dynamic pro-
gramming procedure implementable in a “differentiable
programming” framework that is a computational frame-
work equipped with an automatic differentiation software
library. We illustrate the variant of the iterative regular-
ized linear quadratic exponential Gaussian controller we
recommend on simple risk-sensitive nonlinear control ex-
amples.

Related work. The linear exponential quadratic Gaus-
sian algorithm is a fundamental algorithm for risk-
sensitive or safe control [Whittle, 1981, Jacobson, 1973,
Speyer et al., 1974]. The algorithm builds upon a risk-
sensitive measure, a less conservative and more flexible
framework than the H*> theory also used for robust con-
trol; see [Glover and Doyle, 1988, Hassibi et al., 1999,
Helton and James, 1999] and references therein. An
excellent review of the classical results in abstract dy-
namic programming and control theory, in particular for
risk-sensitive control, can be found in [Bertsekas, 2018].
Risk-measures were analyzed as instances of the opti-
mized certainty equivalent applied to specific utility func-
tions; see [Ben-Tal and Teboulle, 1986, 2007] for a re-
cent overview. Risk-averse model predictive control was
also studied to account for ambiguity in the knowledge of
the underlying probability distribution [Sopasakis et al.,
2019].

Algorithms for nonlinear control problems are usually
derived by analogy to the linear case, which is solved
in linear time with respect to the horizon by dynamic
programming [Bellman, 1971]. In particular, the itera-
tive linear quadratic regulator (ILQR) and iterative lin-
ear quadratic Gaussian (ILQG) algorithms are usually in-



formally motivated as iterative linearization algorithms
[Li and Todorov, 2007]. A risk-sensitive variant with a
straightforward optimization algorithm without theoreti-
cal guarantees was considered in [Farshidian and Buchli,
2015, Ponton et al., 2016].

On the first-order optimization front, optimization sub-
problems such as Newton or Gauss-Newton-steps were
shown to be implementable by using dynamic program-
ming in classical works [De O. Pantoja, 1988, Dunn and
Bertsekas, 1989, Sideris and Bobrow, 2005]. Iterative lin-
earized methods such as ILQR or ILQG were recently
analyzed as Gauss-Newton-type algorithms and improved
using proximal regularization and acceleration by extrap-
olation in [Roulet et al., 2019]. This work shares the same
viewpoint and establishes worst-case complexity bounds
for iterative linear quadratic exponential Gaussian con-
troller (ILEQG) algorithms.

All proofs and notations are provided in the
Appendix. The companion code is available at
https://github.com/vroulet/ilqgc.

1 Risk-sensitive control

Problem formulation. We consider discretized control
problems stemming from continuous time settings with finite-
horizon, see Appendix E for the discretization step. Those
are off-line control problems used for example at each step of
a model predictive control framework. We focus on the con-
trol of a trajectory of length 7 composed of state variables
z1,...,2- € R and controlled by parameters uo, ..., ur_1 €
R? through dynamics 1), perturbed by i.i.d. white noise w; ~
N(0,0%1,) such that
xo = %o, Ti+1 = ¢t(£ﬂt, Ut, ’LUt), (1
fort = 0,...,7 — 1, where %o is a fixed starting point and
the functions ) : RY x R? x R? — R? are assumed to be
continuously differentiable and bounded. Precise Assumptions
for convergence are detailed in Sec. 2.
Optimality is measured through convex costs h, g¢, on the
state and control variables x:, us respectively, defining the ob-
jective

h(z)+g(a) = Z he(ze) + igt(m), 2)

where T = (x1;...;2,) € R™ is the trajectory, u =
(uo0;...;ur—1) € R™ is the command, h(Z) = >°;_, hi(z¢)
and g(@) = S°7_, g¢(u¢), and in the following we denote by
w = (wo;...;wr—1) € R the noise. For a given command
4, the dynamics in (1) define a probability distribution on the
trajectories T that we denote p(Z; @).

The standard objective consists in minimizing the expected
cost mingerre Ezp(sa) [M(Z)] + g(@), where Z is a random
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Figure 1: Effect of the risk-sensitive parameter 0
for fo(x) = % log Eyymnr(0,1) [exp €F(x+w)}
with F' illustrated by the black line.

variable following the model (1). We focus on risk-sensitive ap-
plications by minimizing
o1 _ _
Jnin =108 Ezp(a) [exp 00(7)] + g(w), 3)
for a given positive parameter § > 0. Since the dynamics are
bounded, the risk-sensitive objective is well defined for any .
The risk-sensitive objective (3) seeks to minimize not only the

expected objective but also higher moments as can be seen by
expanding it around 6 = 0,

L

7 “

log Ein(»;ﬂ) [eXp eh(‘f)] = Epr(-;ﬂ) [h(‘i’)}
0
+5 Varz.,(.a) [M(Z)] + O(6%),

which also shows that for § — 0 we retrieve the expected cost.
In Fig. 1 we illustrate the smoothness effect of the risk-sensitive
objective, which, for larger values of 6, tends to select the most
stable minimizers, i.e., the ones with the largest valley, see [Dvi-
jotham et al., 2014] for a detailed discussion.

Linear Quadratic Exponential Gaussian control. The
resolution of non-linear risk-sensitive control problems rest on
the linear quadratic case whose properties are recalled below.

Proposition 1.1. Consider quadratic objectives and linear dy-
namics defined by

1 = 1 ~
ht(frt) = ixIHtZCt + h:xt, gz(Uz) = iu;rGtut +g:ut7

(&)

where H, = 0, G¢ = 0, wy ~ N(O, o? I,) and denote by
H, B, C, %o the matrices and vector such that for any trajectory
T, H = Vzh(a"c), 7 = B+ Cw + Fo. We have that

(i) the risk sensitive control problem (3) is equivalent to

41 = Arxs + Bru + Crwy,

T T—1
. 1 ~ 1 .
‘min sup Z fxtTHtxz + h:xt + Z futTGtut + gtTut
wERTP WERTY =1 2 =0 2
zeR74
T—1
1 2
-> WHWHQ (0)
t=0
subject to Ti41 = Atnct + Btut + tht

o = Zo,



(ii) if (002)71 < )\max(C’THC’) the risk-sensitive control
problem is infeasible,

(iii) if (902)71 > /\max(C'THC'), the risk-sensitive control
problem can be solved analytically by dynamic program-
ming.

The resolution of the control problem by dynamic program-
ming tracks if the problem is strongly concave in @ when per-
forming the computations, otherwise the problem is not feasible.
Each cost-to-go function is indeed a quadratic whose positive-
definiteness determines the feasibility of the problem. The de-
tailed implementation is provided in Appendix B.

Iterative Linearized Quadratic Exponential Gaussian.
A common method to tackle the non-linear control prob-
lem is the Iterative Linearized Quadratic Exponential Gaussian
(ILEQG) algorithm, that (i) linearizes the dynamics and approx-
imates quadratically the objectives around the current command
and associated exact trajectory, (ii) solves the associated linear
quadratic problem to get a descent direction, (iii) moves along
the descent direction using a line-search. Formally, at a given
command ﬁ(k) with associated exact trajectory z* given by

:cék) = xo, m“r = P(x (k),uik),O), a descent direction is

given by 0™ solution, if it exists, of

2 T, Zl ( yl Heye + o yt) @
geERT®

T—1

T—1
1
D> (fvt Gove + 3 vt) -3
t=0

subject o Y41 = Atyt + Bivs + Crwy
yo =0,

with Hi=9h(e”), he=Vhy (@), G=V g (). 31 =
Vg (ul™), A=V (z (k)yugk)’0)7 Bi=Vautoe(@®, u® )T
C=Vuii(z Ek)7 tk),O) . The next command is givenby

ﬂ(k+1) — a(k) + ,y,l—}*’

where v is a step-size chosen by line-search. The complete
pseudo-code is presented in Appendix C. The objective of this
work is to understand the relevance of this method and to im-
prove its implementation by answering the following questions:
1. Does ILEQG ensure the decrease of the risk-sensitive ob-
jective? If yes, what is its rate of convergence?
2. How can the step-size be chosen to ensure the monotonic-
ity of the algorithm in a principled way?

2 Iterative linearized risk-sensitive
control

2.1 Model minimization

We analyze the ILEQG method as a model-minimization
scheme. To ease the exposition, we consider the case of addi-

tive noise, i.e., dynamics of the form,

o = Zo, Tir1 = Pe(Te, up + we). ®)

for bounded continuously differentiable dynamics ¢; : R? x
RP — R?. The algorithm and its interpretation can readily be
extended to the general case (1). The analysis would require
specific assumptions on the derivative of the dynamics w.r.t. the
noise.

First, we consider the exact trajectory as a function T
R™ — R™ of the control variables, decomposed as () =
(Z1(@);...;Z,(u)) where

Z1(4) = ¢o(To,u0), Ter1(w) = de(&e(w),ur), (9)
such that the noisy trajectory is given by Z(@ + w). The risk
sensitive objective (3) can then be written as

min fo(u) =

uERTP

o () + (1), (10)

. 1 -

with ne(a) = ] logEw [exp On(z(u + w))],
where, here and thereafter, @ ~ N(0, 2 1,,) unless specified
differently. Now, at a current command %, for a given control
deviation @, the random trajectory Z(@+ v+ w) is approximated
as a perturbed trajectory of Z(@), by

Fu+v+w)~ i) + Vi) (04 ). (11)

The objective is then approximated as fo(2 + ¥) ~ my, (@ +
U; @), where

my, (4+0; u)é 7 log E exp Ogp, (:Z“—&—Vi(ﬂ)Ti-i-Vi(ﬂ)Tw; z)

+ qq(u + v ), (12)
an(T+5;7) £ h(Z)+ V(@) §+5 " Vh(E)F/2, 95(a+7;0)
is defined similarly and £ = Z(u) is the exact trajectory. As
the following proposition will clarify, the descent direction com-
puted by ILEQG in (7) is given by minimizing directly the model
my,. Yet, from an optimization viewpoint, a regularization term
must be added to this minimization to ensure that the solutions
stay in a region where the model is valid. Formally, we consider
a regularized variant of ILEQG, we call RegILEQG, that starts
at a point %o and defines the next iterate as

1
a"* = 4 targ min {mf @ +5;a™) + Tllﬂl\%} :
Vi

DERTP
(RegILEQG)
where 7, is the step-size: the smaller ~; is, the closer the solu-
tion is to the current iterate. The following proposition shows
that the minimization step (RegILEQG) amounts to a linear
quadratic exponential Gaussian risk-sensitive control problem.

Proposition 2.1. The model minimization step (ReglLEQQG) is
given as aF ) = ) 4 5% where T* is the solution, if it exists,



of

min sup

T 1 _
> (gl tonc+ i)
t=1

TERTP WERTP
QERTd
T—1 1
+ ZO (;U,T(Gz +v o + g?vt) (13)
B ST
2002
t=0
subject o Yir1 = Atyt + B: (Ut +4 wt)
Yo = 07
where oi = F,@®) 4, = Vapi (@™ T, B, =

Vude (@, uf T, Hy = Vhi(2(M), he = Vhi(a{?),

G = V2g:(ul™), §: = Vi (ul®).

Each model-minimization step can then be performed by dy-
namic programming. The overall algorithm is presented in
Appendix C. If the costs depend only on the final state, i.e.,
h(Z) = h-(z.), the steps can be computed more efficiently
by making calls to automatic differentiation oracles, see Ap-
pendix C for more details.

2.2 Convergence analysis

We analyze the behavior of the regularized variant of ILEQG for
quadratic convex costs h¢, g¢, a common setting in applications.
This algorithm is then based on two different approximations:
(1) the random trajectories are approximated by Gaussians de-
fined by the linearization of the dynamics,
(i) the non-linear control of the trajectory is approximated a
linear control defined by the linearization of the dynamics,
The first approximation makes the algorithm work on a surrogate
of the true risk-sensitive objective. By identifying this surrogate,
we get criteria for the choice of the step-size 7.

Approximate risk-sensitive cost. By approximating the
noisy trajectory by a Gaussian variable using first-order informa-
tion of the trajectory, we define the approximated risk-sensitive
objective as follows

fo(u) = o (@) + g(a),
1

where 7o (1) = - log Ew exp[0h(Z(u) + Vi(a) )]

The approximated risk-sensitive objective is essentially the log-

partition function of a Gaussian distribution as shown in the fol-

lowing proposition.

Proposition 2.2. Foru € R™ with z = Z(a), if
0?1, > OVE(@)Vh(Z)VE(a) ', (14)

the approximated risk sensitive cost is defined and is the scaled

log-partition function of

w0 = exp (O1(6(@) V() ) 5 [l (a) ).
(15)

which is the density of a Gaussian N (W, X) with
W, =0%Xh, L= (0 L,—-0XHX )" (16

where X = VZ(a), h = Vh(z), H = V*h(Z) and T = &(q).
Therefore, the approximated risk-sensitive loss can be computed
analytically.

The approximation error induced by the linearization is il-
lustrated in Sec. 3. Note that the risk-sensitive approximation
shares similar properties as the original function in (4), since it
can be extended around 6 = 0 to

o (@) = h(Z(@)) + Egnp(m @ VE@)VH(E() Vi(a) "
0 o T
+ 5 Varsgn h(E(@) + Vi(a) o)) + O(6%).
Namely, it accounts not only for the cost of the exact trajectory
but also for the variance defined by the linearized trajectories.
Provided that condition (14) holds, the gradient of the approxi-
mated risk-sensitive cost reads (see Appendix D )
Vo (@) = Egmp(sa) (VE(@)+V2E(@)], @, -])
x Vh(i(a)+Vi(a) o),
where p(-; @) is defined in (15). Denote the truncated gradient
of the approximated risk-sensitive cost
Viio(@) = Epmp(ay VE@) VA(E(@) + VE(@) T w).

We link the model-minimization steps of the regularized variant
of ILEQG to the truncated gradient in the following proposition.

Proposition 2.3. Consider (RegILEQG) at iteration k, if con-
dition (14) holds on a™®, the step is defined and reads
a* Y = g™ (G4 Ly +XHX V) !
x (Vg(a™) + Vi (a™)),
where

V =Var, a0, VE@®)Vh@@®) + via®) w)

w

=XHX (67 °1,,—0XHX ") 'XHX '

and X=Vz(a®), H=V?h(z), G=V>g(a®), z=z(a™).
‘We make the follow-

Convergence to stationary points.
ing assumptions for our analysis

Assumption 2.4.
1. The dynamics ¢ are twice differentiable, bounded,
Lipschitz, smooth such that the trajectory function T
is also twice differentiable, bounded, Lipschitz and



smooth. Denote by Lz and {z the Lipschit; continu-
ity and smoothness constants respectively of T and de-
fine Mz = maxger» dist(Z(a), X™), where X* =
arg ming cg-a h(T).

2. The costs h and g are convex quadratics with smoothness
constants Ly, Lg.

3. The risk-sensitivity parameter is chosen such that 52 =
o2 —QLhK?C > 0, which ensures that condition (14) holds
forany u € R™.

The following proposition shows stationary convergence for

the regularized variant of ILEQG as an optimization method of
the approximated risk-sensitive loss. The additional constant

term is due to the truncation of the gradient of the approximated
risk-sensitive cost.

Theorem 2.5. Under Ass. 2.4, suppose that the step-sizes
of (RegILEQG) are chosen such that

R 1
Fo@*HD) < gy @030 + o@D —a @,

a7
With Y, € [Ymin, Ymax)- Then, the approximated objective fo
decreases and after K iterations we have

IV fo(@®)]|2 < L\/z(ﬁ(a“’)) — [@®))

k:or,?}%q K ’
where L = max e sy o] (Lo +77" + (6/0)° (L),
8 =062L3Lsl: M2 + 026 Ly Lal3 M2 + tp6° Ly, Lals.

Previous proposition gives a criterion (17) for line-searches.
We show in Appendix D that there exists a step-size 4 such that
condition (17) is satisfied along the iterations. With this step-
size, the number of steps to get an € 4 § stationary point is at
most

23(Ly +4~" +(6/0)* 2 L0)* (fo (@) — f5)

€2

3 Numerical experiments

Control settings. We apply the risk-sensitive framework to
two classical continuous time control settings: swinging-up a
pendulum and moving a two-link arm robot, both detailed in
Appendix E. Their discretization leads to dynamics of the form
141 = X1t + 02y (18)
To41 = T2t + 0f (T1,e, Ta,e, Ut)
fort =0,...7 — 1, where x1, x> describe the position and the
speed of the system respectively, f defines the dynamics derived
by Newton’s law, J is the time step, u is a force that controls the
system.

Noise modeling. The risk-sensitive cost is defined by an ad-
ditional noisy force applied to the dynamics. Formally, the dis-
cretized dynamics (18) are modified as

Tit41 = T1,t + 0Tat (19)

To441 = T2¢ + 0f (1t To,e, Ut + we)

2 —— RegILEQG z 6 —— RegILEQG
S ILEQG 2 ILEQG
24 2|
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Figure 2: Convergence of iterative linearized methods,
RegILEQG and ILEQG, on the pendulum problem.
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Figure 3: Risk-sensitive and gradient approximations.
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Figure 4: Robustness of controllers against disturbance noise.
Left: pendulum. Right: robot arm.

fort =0,...,7 — 1, where w; ~ N (0,021,) and o is chosen
to avoid chaotic behavior, see Appendix E.

We test the optimized expected or risk-sensitive costs on a
setting where the dynamics are perturbed at a given time t,, by a
force of amplitude p. This models the robustness of the control
against kicking the robot. Formally, we analyze the performance
of the solutions of the expected cost (denoted 6 = 0) or the risk-
sensitive cost (3) on dynamics of the form

Ti41 = T1,¢ + 02
a1 = Tap + 0f (@16, Tae, ur + pL(t = tw))
fort =0,...,7 — 1, where p ~ ./\/(O7 Otest 1p) with the same

cost h(Z) computed as an average on n = 100 simulations. We
call this cost the test cost.

3.1 Results

All detailed parameters are provided in Appendix E.

Convergence. In Fig. 2 we compare the convergence on the
pendulum problem of RegILEQG and ILEQG. For both algo-
rithms, we use a constant step-size sequence tuned after a burn-
in phase of 5 iterations on a grid of step-sizes 2° for i € [—5, 10].



The approximated risk-sensitive loss was used to tune the step-
sizes. The best step-sizes found were 0.5 for ILEQG and 16 for
RegILEQG. We plot the minimum values obtained until now, as
the true function can be approximated. We observe that both
ILEQG and RegILEQG minimize well the approximated risk-
sensitive cost. Yet, the regularized variant provides smoother
convergence. We leave as future work the implementation of
line-search procedures as done for Levenberg-Marquardt meth-
ods.

Risk-sensitive cost approxiamtion. In Fig. 3, we show
Fo(@™), [V fo(@®)2 and fo(a®), ||V fo(a®)]|> approxi-
mated by Monte-Carlo for N = 100 samples along the iterations
of the RegILEQG method for the pendulum (same experiment as
in Fig. 2) for 10 runs of the Monte-Carlo approximation. We ob-
serve that the approximation fo (ﬂ““)) is fine compared to the
approximation by Monte-Carlo. The sequence of compositions
defining the trajectory leads to highly non-smooth functions (i.e.
large smoothness constants), which contributes to the high vari-
ance of gradients computed by Monte-Carlo.

Robustness. In Fig. 4, we plot the test cost obtained by the
expected or risk-sensitive optimizers on the movement perturbed
by a dirac of increasing strength. We use our RegILEQG algo-
rithm with constant-step-size tuned after a burn-in phase. The
risk-sensitive approach provides smaller costs against perturbed
trajectories. On the two-link-arm problem, we did not observe
significant changes when varying the risk-sensitivity parameter.
We leave the analysis of the choice of the parameter for future
work.

4 Conclusion

We dissected the ILEQG algorithm to understand its correct im-
plementation, this revealed: (i) the objective it minimizes, that
is not the risk-sensitive cost but an approximation of it, (ii) the
necessary introduction from an optimization viewpoint of a reg-
ularization inside the step, (iii) a sufficient decrease condition
that ensures proven stationary convergence to a near-stationary
point.
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A Notations

A.1 Miscellaneous

We use semicolons to denote concatenation of vectors, namely for n d-dimensional vectors ai,...,a, € R, we have
(a1;...5an) € R™®. The Kronecker product is denoted ®. For a sequence of matrices X1,... X, € R¥XP we denote
X: 0 ... 0
: o .o
diag(X1,...,X;) = e RiTxPT
. .0
o ... 0 X,

the corresponding block diagonal matrix. For aset S C R% and 2 € R?, denote dist(z, S)? = min, cga ||z — y||3. Given a density
function p : R — R, such that fRd p(w)dw = 1 and a function f : R? — RP we denote

Euvp f() = [ Flw)p(u)dw.

RdXd

For a matrix M € , we denote || M||2 = sup,cga @' Ma/||x||3 the spectral norm induced by the Euclidean norm. We denote

semi-definite positive matrices S € R?¥*¢ as S > 0 and denote Amax(S) = ||S||2 the maximal eigenvalue of S. For a matrix
A € R¥™™ we denote by AT the pseudo-inverse of A.

A.2 Tensors

For a tensor A = (aij.k)ie(1,....a}, je{1, ...}, ke{1,...pp € R™P, we denote Ai,... = (aijk)jeqt,...n}, ke{1,..pp € R™*P

the matrix obtained by fixing the first index at . Similarly we define A. ;. € R**? and A..; € R¥™™. A tensor A can be
’ ’ ’

represented as the list of matrices A = (A...1,...,A.. ). Given matrices P € R¥™*% Q@ € R™*™ | R € RP*? | we denote

g p
A[P,Q,R] = (Z RiaPT A ,Q,.. .,ZRk,p,PTA,.,kQ) € RYxn'xp
k=1

k=1

If P, @ or R are identity matrices, we use the symbol ” - ”” in place of the identity matrix. For example, we denote A[P, Q,1,] =
AP, Q, ] = (PTA<7.71Q, e PT.A,,.,pQ). If P,Q or R are vectors we consider the flatten object. In particular, for z € R%,y €
R", we denote
CL’TA.y.yly
A[QZ, Y, ] = eR’
mT_A.,.,py

rather than having A[z,y, -] € R**!*?_ Similarly, for z € RP, we have

p
.A['7 ',Z] = ZZ}CAA7.,1€ S Rdxn.

k=1
For a tensor A, we denote
Alz,y, z
A2 = sup _Alz,y, 2] (20)
vcrd yern zcr? [|Z]l2]lyll2][2[]2

the norm induced by the Euclidean norm for the tensor .A.
A.3 Gradients
For a multivariate function f : R? — R™, composed of f¢) real functions with j € {1,...,n}, we denote Vf(z) =
(VD (z),..., V™ (x)) € R¥™, that is the transpose of its Jacobian on z, Vf(z) = (85';7) (2)1<i<di<j<n € RT™

We represent its 2nd order information by a tensor V2 f(z) = (V2f()(z),..., V2™ (z)) € RP*4x"



For a real function, f : RY x R? +— R, whose value is denoted f(z,%), we decompose its gradient V f(z,y) € R**? on
(x,y) € R x R? as

Similarly for a multivariate function f : R? x RP — R™ and (z, ), we denote V.. f (z,y) = (VoS (x,y), ..., Vo f ™ (z,y)) €
R¥*™ and we define similarly V,, f(z,y) € RP*™.

We drop the dependency to the time when it is clear from context, e.g., for a dynamic ¢; : R™? — R? we denote by
Vude(xt,ut) = Vu, d¢(2t, ut). Those definitions extend for noisy dynamics ¢, where we add the noise variable w € RY.

All Lipschitz continuity constants are defined with respect to the norm induced by the Euclidean norm. In particular, for a
multivariate twice differentiable function f, we say that it is smooth if its second order tensor has a bounded norm for the Euclidean
induced norm of a tensor defined in (20).

Vf(x,w:(vﬂ“f(”’y)) with  Vaf(z.y) R, V,f(r,y) € RV,

B Linear quadratic risk sensitive control

B.1 Min-max formulation
Proposition 1.1. Consider quadratic objectives and linear dynamics defined by
hi(xe) = %m:Htxt +hixe,  gi(u) = %U:Gtut + §¢ e,
Tr41 = Ay + Brug + Crwy, ©)

where Hy = 0, Gy > 0, wy ~ N (0, o? 1,) and denote by H, B R C’, To the matrices and vector such that for any trajectory T,
H = V?h(z), Z = Bu + Cw + Fo. We have that
(i) the risk sensitive control problem (3) is equivalent to

T—1

-
. 1 T T 1 T ~T
7%1&1}? sup E ixt Hixe + hy 2 + E §ut Giue + Gy ue
u -

w€§:§ t=1 t=0

ze

T—1 1
- Z m”wtﬂg (6)
t=0

subject to Ti4+1 — AtCL’t + Btut + C’twt

To = o,
(ii) if (902)71 < )\max(é«‘r HC’) the risk-sensitive control problem is infeasible,
(iii) if (06%) ™ > Amax(CT HC), the risk-sensitive control problem can be solved analytically by dynamic programming.

Proof of (i). Since w; are i.i.d, the states x; given by the linear dynamics form a Markov sequence of random variables, i.e.,
denoting P the probability defined by the dynamics, for any ¢ € {0,...,7 — 1}, P(ziqt1|ae,...,20) = P(xeqi]ze) ~
N(Agze + Byug, %t) where ¥y = 02C:Cy' is potentially degenerated and ©o = #o. Precisely denote du(Z) a measure such
that P(TIxuu(s,) (i41 — Awxe — Brug) = 0) = 1 with IIgyn(s,) the orthonormal projection on the null space of 3;, we have

T—1
1
Eznp(a) [exp(0N(T))] ox /eXP ( - Z §($t+1 — Ay — Beuy) ' Bl (241 — Ay — Boug)
t=0
T 1 ~
+ HZ im;rHt:ct + h;r:pt>d,u(ac1, ey Tr)
t=1

- / exp(—Q(%, 1)) dyu(%),

where Q(Z, @) is a quadratic in Z, @ and we ignored the normalization constants in the first line as we are interested in computing
the minimum. The integral will then be finite if and only if Q(Z, %) is bounded below in z € X = {Z : IIxun(s,) (Ter1 — Aexe —
Biuy) =0 for t € {0,...,7 — 1}}. In that case, the quadratic reads Q(Z,u) = Q(Z — ", 4) + minzcx Q(Z, @) where
Z* € argming ., Q(Z, @). The expectation is then proportional to, the variance term being independent of ,

Earop(im [0 exp(h(Z))] o< exp (— min Q(7, a)) .



By parameterizing the states as xt11 = Aix+ + Brut + Crwy, using that Cy has the same image as 3¢, the minimization can be
rewritten

- T—1
mpoe = min =00 (qel B Ba) 5 gl
subjectto ;41 = Az + Bruy + Crwy
To = Zo.
The risk sensitive control problem (3) is then equivalent to
. ~1 r RO = R WD
aréllyflp @eRrsqngeer ; §xt Hewe + e 0+ ; §ut Grue + o we = ; W‘|wt||2
subject to  x¢+1 = Avxe + Brur + Crwy
xo = %o,
which, if the sup is not attained, means that the problem is infeasible. O

Proof of (ii). The linear dynamics read x++1 — Arxy = Bius + Crwy fort =0, ..., 7 — 1. Denoting

ro ... 0 I 0 0
_ .. . Ay I 0 0

L= |4 1 : : with L '= ) ) R I
. 0 . . . .
Y R A1 A1 Ay 1. Ay ... T

we get
Li = Bu+Cw+ &0 andso Z =L "(Bu+ Cw + i),
where Zo = (AoZ0;0;...;0) € R™, & = (z1;...;2,), B = diag(Bo,...,B,_1), C = diag(Cy,...,Cr_1). Problem (6)
reads then
min sup =(Bu+ Cw+ i) L™ HL '(Ba+ Cw+ &)+ h' L' (Bu+ Cw +

WERTP cRTa 2

0) 1

n

+ - Gu4§ u— ——

[\V]

where H = diag(H.,...,H,),G = diag(Go,...,Gr—1),h = (h1;...;h.) and § = (go;...; g-—1). It is always a strongly
convex problem in % by assumption on the G. If
(06°) ' < Amax(CTL™THL™'C)

ie., (00?) 'Ly ¥ CTL™THL'C, then there exists w* such that w* " (CTL™THL™'C — (§o?) "' I.4)@* > 0, by taking
aw” with v — +o0, the maximization problem in (21) is always infinite, independently of @. The claim follows by identifying
H=V?*h(z)=H,andC = L 'C. O

Proof of (iii). If

(00°) ™" > Amax (CTL™THL™'C), (22)
ie., (0®)" 1., = CTL™THL™'C, the maximization problem in (21) is a strongly concave problem in @ such that the max on
w is finite. For the dynamic programming resolution, define cost-to-go functions starting from y at time ¢ as

T 1 T—1 1 T—1 1
: 2 : T T z : T ~T z : 2
Ct(y) = min Sup 7IS Hs-’rs + hs Ts + 7“5 Gsus + gs Us — 2 ||w9H2
Ut yenny Ur 1 WeyeoeyWr 1 2 2 200
Ti,...,xr S=t s=t s=t

subjectto  xs41 = Asts + Bsus + Csws fors=t,...,7—1
Tt =Y,
with the convention Hy = 0, ho = 0. Cost-to-go functions satisty the Bellman equation

1

1 ~ . 1 N
ce(y) = yTth+h;ry+ min sup {*U:GtUt —l—g:ut—w

2 ut ERP wy ERY 2

llwel|3 + cer1(Ary + Beue + tht)} (23)

10



with optimal control

1

wnwtﬂg + ct+1(Avy + Brus + tht)}},

* . J1 -
uy (y) = arg min {fu;rGtut + §¢ ue + sup { -
ut ERP 2 w¢ ERY

and optimal noise, if the sup is finite,

* 1
wy (ue,y) = arg max{ — ——|lwell3 + ce1(Ary + Byue + C’twt)}.
wy ER 200

The final cost initializing the recursion is defined as ¢, (y) = %yTHTy + ﬁIy. For quadratic costs and linear dynamics, the
cost-to-go functions are quadratic and can be computed analytically through the recursive equation (23). If the quadratic defining
the supremum problem is not negative semi-definite the problem is infeasible.

If condition (22) holds, the overall maximization is feasible, all supremums are reached. The solution of (6) is given by computing
co(%0), which amounts to solve iteratively the Bellman equations starting from xo = #o, i.e., getting the optimal control at the

given state and moving along the dynamics to compute the next cost-to-go:

* * * * * * *
u; = ui(xe), w; =w;(uz, o), xe+1 = Awxe + Bruf + Crwy .

B.2 Dynamic programming resolution

Detailed computations of the dynamic programming approach are given in the following proposition that supports Algo. 1. Though
finer sufficient conditions to get a solution can be derived in the case (662)™! = Amax(Cy Pi11C:), simply reducing the risk
sensitivity parameter is enough to get the condition in line 5. For simplicity, in Algo. 1, if condition (24) is not satisfied, we
consider the problem to be infeasible.

Proposition B.1. Consider Algo. 1 applied for the linear quadratic risk sensitive control problem (6) with H, > 0 and G¢ > 0. If
condition

(00’2)71 > Amax(CtTPt+1Ct) (24)
in line 5 is satisfied for allt = 7 — 1,...,0, then the cost-to-go functions are quadratics of the form
1
ca(y) =5y Py+ply+e with Pz, (25)

where c is a constant and Py, p; are defined recursively in line 6.
Ifforanyt =1 —1,...,0,
(90’2)71 < )\max(C;rPt+1Ct),
the linear quadratic risk sensitive control problem (6) is infeasible.

Proof. The cost-to-go function at time 7 reads ¢ (y) = %yTHTy—&—fzI y. It has then the form (25) with p, = hrand P, = H, = 0.
Assume now that at time ¢ + 1, the cost-to-go function has the form of (25), i.e., ct+1(y) = %yTPH_ly + ptTHy with P11 = 0.
Then, the Bellman equation reads, ignoring the constant terms,

1 > . 1 N 1
cly) = inthJr hi y+ min sup {iuZGtut + G ue — Wl\wt\lé

ut€RP 4, cRa

+ptT+1(Aty + Biuy + Crwy)

+ = (Aty + Brus + tht)TPt+1(Aty + Biuy + tht)}

N~

1 ~ . 1 -
inth + htTy + urtnelgp {gujGtUt + gtTut

(Ary + Btut)TPt-H(Aty + Byu) + ptTH(Aty + Biut)

L1
2

1
+ sup {iw:aj [Pit1(Awy + Brur) + pry1]

wt €ERY

1 _
_ 5wj((é)a?) '1, —OJPmct)wt} }

11



If (00%) ™" < Amax(C{ Pit1CY), the supremum in wy is infinite. If (§0?) ™" > Amax(Cy Pr41Ct), the supremum is finite and
reads

wi = ((00°) " 1y —=C{ Pry1Ch) ' Cf [Piy1 (Ary + Bowr) + pra]. (26)
So we get, ignoring the constant terms,

ci(y) = %yTth +hiy+ min {%ufGtut + 3l w
+ %(Aty + Buug) " Pr1 (Aey + Biwg) + By (Avy + Btut)}, 27)
where
Pii1=Pip1 + PoaCo((002) 11, —C) Poyr C) 2 Piya = 0

Pri1 = pep1 + P Cr((00%) " 1y —Cy PiyaC) 7' C pegar.

We then get, ignoring the constant terms,

1 _ - 1 _ _ -
ce(y) :gyT(Ht + AtTPH—lAt)y + (he + A:Pt)Ty - §yTAtTPt+1Bt(Gt + BtTPt-HBt) "B/ P Avy.

where pr = Pry1 — pt+1 B:(G: + BtTﬁtH Bt)f1 [BtTﬁtH + g¢]. The cost function is then a quadratic defined by
P, =Hi + A:Pt-&-lAt - AtTﬁ’t-HBt(Gt + B;rpt+1Bt)_lBtTpt+1At~

Denoting 13;/-21 a square root matrix of P; 1, such that I:’tlfl > 0 and I:’tlfl I:’tlfl = Piy1, we get

P, = Hy + A P2 (14— P2 B{(G: + B PrsaB)) ' B P P2 Ay

= H, + A P (1. +P2 B.G; ' B P%) ' B2 A, - 0,

where we use Sherman-Morisson-Woodbury formula for the last equality. This proves that c;(y) satisfies (25) at time ¢ with P;
defined above and

pe=he + Al (ﬁt+1 — Poi1Bi(Ge + B Pey1Be) '[B] pro1 + ét])-
The optimal control is given from (27) as
u; (y) = —(Gi + B Piy1Br) '[B! Pry1Avy + i + By prsa]
and the optimal noise is given by (26), i.e.,
wi (y,ue) = ((00°) " 1y =C} PryaCo) " CY [P (Asy + Biue) + pryal-
O

Remark B.2. Consider the case hy = 0, gt = 0 such that pey1 = 0 and pry1 = 0. Then Algorithm 1 is a modified version of the
classical Linear Quadratic Regulator (LOR) algorithm where the value function at time t + 1 is ¢¢41(y) = yTPt+1y/2 instead of
ct+1(y) =y Piy1y/2 for the LOR derivations.

In particular, denoting Ptlfl a square root matrix of Pyy1 and using Sherman-Morisson-Woodbury formula, we have that
Pry1 = PP (1a—P2C(C) PiaCy — (006*) M 1) O P2 P
= P (1la—00> P CCl P2 P2

such that for 0 = 0 we get Piy1 = Pii1, so we retrieve the minimization of a Linear Quadratic Gaussian control problem by
dynamic programming.

C Iterative linearized algorithms

C.1 Model minimization

We present the implementation of RegILEQG for general noisy dynamics of the form

Tip1 = e (T, ut, we). (28)

12



RPX7? _ R™® of the control and noise variables decomposed as Z (i, )

We define the trajectory as a function &
(Z1(@,w);...; T, (u,w)) where
il(ﬂﬂ U_)) = 1/}0(@071,“),’[1}0), ‘i.t"rl(i’u_}) wt( ( ) Ut,U}t) (29)
The risk sensitive objective (3) can be written
1 P
urélégp fo(u) =no(u) + g(u) where mno(u) = 7 logEg [exp Qh(x(u,w))]. (30)
The model we consider for the trajectory reads
(u+ v, w) ~ &(4,0) + Vi(a,0) " (v,w) = &(a,0) + Vaz(a,0) v 4+ Vuz(d,0) (31)

z(u ,
where Z(@,0) is the exact trajectory, Va& and V& denote the gradient w.r.t. the command and the noise, respectively, see

Appendix A for gradient notations.
(32)

We approximate the objective as fg (@ + o) = my, (G + v;a), where
my, (@ + 0; 1) & 7 logE [exp@qh (z + Vai(a, 0)' o+ Vai(a,0) o )} + qq(a + 75 0)
T+7;%) 2 h(Z)+Vh(Z) §+7 V2h(Z)§/2, q4(t+7; @) is defined similarly and # = #(, 0) is the exact trajectory.
This model is then minimized with an additional proximal term. Formally, the algorithm starts at a point %o and defines the next

where g, (T +7; T)
1
{mf @ +oa®) + —ll@ll%} (33)
Q’yk

iterate as
7(k+1) = u(k) + arg min
DERTP

where «y;, is the step-size: the smaller -y, is, the closer the solution is to the current iterate
The following proposition shows that the minimization step (33) amounts to a linear quadratic risk-sensitive control problem

Prop. 2.1 is then a sub-case of the following proposition
Proposition C.1. The model minimization step (33) is given as @ "D = q®) 4 5% where 0* is the solution of
T 1 T—1 1 1
s o S (G i) + 3 (G o) - 3 gt o9
w t=1 t=0
subject o Y41 = Atyt + Bivs + Crwy
T, H, =

Yo =0,
T C o= V(@ ul?, 0)

where x\* ) = = &(@@®,0), 4, = Vmwt(xim, Ek),O)T, B, = Vudzt(ﬂcgk),ugk),())
Ve (o), = Vhe(a), G = Poau(ul®), G = Ton(ul®).
Proof. To ease notations denote @*) = . Recall that the trajectory defined by u, w reads

Zr41(0,w) = (30, @), F, 4, B, 0)

&1 (1, W) = o (2o, Fy @, By ),
where F; = e;1 ® I, € R™P*P satisfies F},' @ = w, By = e;p1 ® I, € R79%9 satisfies E, @ = w; and e; € R” is the ¢®
canonical vector in R™. The gradient is then given by
- FoVupo(Zo, uo, wo)
v = .
(@, ) <Eovw¢o($0,uo7wo)
FiNV o1 (Z4 (4, 0), Unwt))

’LD) Ut, wt)

VZig1 (8, 0) = VE(T, ©)Vethe (T (T, W), ue, we) + ( Vot (7:(@

vr—1), the product § = (y1;...;y-) = V&(@,0) " (v, w) reads

Y1 = Vutho(zo, uo, O)Tvo + Vo (zo, uo, O)Two
Yt+1 = Vathe(xe, ue, O)Tyt + Ve (e, ut, O)Tvt + Vwe(z, ue, 0)  wy,

= V#(a,0)" (3, w).

For a given o = (vo; .. .;

where x: = Z+(@,0), xo = Lo and we used that y;
The approximate state objective inside the exponential in (32) reads then
T

n (% + Vad(@,0) "0+ Vai(a,0) % 5) = qn, (20 + ye; 70)
t=1
s.t. yr+1 = Ay + Broe + Crwy

yo =0,
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where Ay = Vot (24, ue,0) ", Be = Vautbe(xe,ut,0)", Cr = Vauthe(xs, ut,0) . We retrieve the model of a linear quadratic
control problem perturbed by noise w. The risk sensitive objective can then be decomposed as in Proposition 1.1, leading to the
claimed formulation. O

C.2 ILEQG and ReglLEQG implementations
C.2.1 Implementations by dynamic programming

We present in Algo. 2 the Regularized variant of ILEQG that calls Algo. 1 at each step to solve the linear quadratic problem by
dynamic programming. We present it for constant step-size. Line-searches are left for future work. We also present in Algo. 3
the classical ILEQG method equipped with a line-search on the Monte-Carlo approximation of the objective. Implementations
proposed in [Farshidian and Buchli, 2015] or [Ponton et al., 2016] do not mention the choice of the line-search.

C.2.2 Implementation by automatic differentiation

We consider here problems whose objective rely only in the last state, i.e.
h(Z) = hr(z7), (35)

and assume h, strictly convex. In that case we can use automatic differentiation oracles as defined in [Roulet et al., 2019] and
recalled below.

Definition C.2 (Automatic-differentiation oracle). Let &, : R™™ — R? be a chain of compositions defined by
zo = %o, Te41 = Y(Te, we) fort€{0,...,7—1}

for differentiable functions 1 : RY x R™, #p € R? An automatic-differentiation oracle is any procedure that computes Vi, (@)z
forany o = (wo,...,wr—1) ER™, z € R

We can then use the dual optimization problem of (33) as shown in the following proposition. For final-state cost (35), the
automatic differentiation implementation is computationally less expensive than a dynamic programming approach whose naive
implementation requires the inversion of multiple matrices. The detailed implementation by automatic-differentiation oracle is
provided in Algo. 4.

Proposition C.3. Consider the model minimization subproblem (33) for strictly convex last state cost (35) and notations defined
in Prop. C.1. If V?h., (:c-(rk>)_1 = 002V ginr (ﬂ(k), O)vaiz-r(ﬂ(k), 0), then

(i) the dual of subproblem (34) reads

. ~% ~% ~ — 9 2 ~ —
min G, (2) + g (~Vad- (@, 0)2) — == Vai @, 0)2]5, (36)

where n. (y) = Syl Hryr + 1l yr, 4y(0) = 307 (G495 1op)0+37 0, G = diag(Go, ..., Gr1), § = (o, -, Gr—1)

and for a function f, we denote by f* its convex conjugate,
(ii) the model minimization step is then given as w*+9 = q* + Vi, (-Vaz(@®, 0)z), where z* is solution of (36),

(iit) the model minimization step makes 10d—+1 calls to an automatic differentiation oracle defined in Def. C.2 by using a conjugate
gradient method to solve (36).
= @. Denoting A = Vgi,(4,0), B = Vi, (4,0)", Gn, (y) = iyl Hryr + htys,
Go(0) = 30" (G+ v ' 1Irp)v+ ' 0, G = diag(Go,...,Gr-1), § = (o, - - -, Gr—1), the model minimization subproblem (34)
for last state cost (35) reads

Proof. To ease notations denote a®

1

. ~ /- ~ A= > — — 12
R gepra G (0) + Gh- (A + BD) = 555 |[0]l2
. ~ [ T/, 37— o ~% 1 112
= Av + Bw) — SR
nin, 4o(0) + sup sup 2 (Av+ Bw) = Gi () = 35 5 10llz
. L < 0c? -
= min sup Gy(v) + 2 A0 — G, (2) + — || B  2[|3. (37)
VERTP  pd 2
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Recall that for a function f(z) = 2" ¢+ 2" Qx/2 with Q = 0, we have f*(2) = sup,{z 2 — f(2)} = (2 —¢) "Q ' (2 — q)/2.
If H-! % 062>BB" the supremum in z is infinite. If H-' > §o2> BB, the supremum in z is finite. The problem is then a strongly
convex-concave problem such that min and max can be inverted leading to the dual problem
2
max g7, (2) — @5 (~ A7) + 2| BTL .
z€R4 2
The primal solution is obtained from a dual solution z* by the mapping v* = V¢, (—AT 2*) obtained from (37).

The dual problem (36) is a quadratic problem, which can then be solved in d iterations by a conjugate gradients method.
The gradients of z — (j;f(—Vga”c(ﬂ(k>, 0)z) and z — #HVE@(E(’“), 0)z||3 can be computed by an automatic differentiation
procedure defined in C.2. Each gradient computation requires the equivalent of two calls to an automatic differentiation oracle
as detailed in [Roulet et al., 2019]. The mapping to the primal solution costs an additional call. Finally, checking if the problem
is feasible requires to compute the Hessian of z — ¢i_(2) — %HBT:&H% which costs 4d additional calls (each call computes
the second order derivative with respect to a given coordinate in R? and computing the second order derivative amounts to back-

. . 2 ~ S . -
propagate through the computation of the gradient of z — %2 || B TZ||§ which itself cost 2 calls to an automatic differentiation
procedure). O

2

We detail the complete implementation by automatic differentiation in Algo. 4. We assume that we have access to a conjugate
gradients method con jgrad for quadratic problems of the form

1
min f(z) = =z Az +b' 2,
2€R4 2

with A > 0, that given an oracle on the gradient of f outputs the solution of the quadratic problem. Formally, it reads
conjgrad(Vf) = argmin,cg, f(2). This can be implemented following Nesterov [2013].
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Algorithm 1 Dynamic programming for Linear Quadratic Exponential Gaussian (LEQG) (6)

2

1: Inputs: Initial state 2, risk-sensitivity parameter 6, variance o, convex quadratic costs H; > 0, hy, strictly

convex quadratic costs Gy > 0, g¢, linear dynamics Ay, By, Cy

2: Backward pass:
3: Initialize P, = H,, p; = BT, feasible = True
4 fort=7—-1,...,0do
5: if (90’2)71 > )\max(CtTPt—&-lct) then
6: Compute
Piy1 = Py + PoCio((06*) 711, —C P C) 71O Py (38)
D1 = Pes1 + P Ci((00°) 1 1, —C/ Piyr Cy) ' C pusa (39)
P,=H 4+ Al P, Ay — A/ Po 1 By(Gy + B P By) ' B Py A, (40)
Dt = hi + A;r [ﬁt—&-l - pt+1Bt(Gt + Bt—rpt+1Bt)71[Bt—rﬁt+1 + §tH 41
7: Store
Kt = —(Gt + B:Pt+1Bt)_1B;rPt+1At Lg’ = ((60’2)_1 Iq —CtTPt+1Ct)_1CtTPt+1At
ki = —(Gy + B PoyaBy) ™ (§¢ + B/ pria) L{ = ((00%) ' 1, =C P11 C) 7' C Py By
lt = ((90’2)71 Iq —C’tTPtHCt)*lCtTptH
8: else
9: State feasible = False
10: break
11: end if
12: end for

13: Rollout phase:
14: if feasible then

15: Initialize ¢ = I
16: fort =0,...,7—1do
17: Compute
uy = Kyxy + ke wy = Lixy + Liuy + 1t (42)
Ti4+1 = Atl‘t + Bt’lj/: + Ctuﬁ (43)
18: end for
19: else
20: uy = None for all ¢
21: end if
22: Output: o* = (ug;...;ul_;)

16



Algorithm 2 Regularized Iterative Linear Exponential Quadratic Gaussian (RegILEQG)

1: Inputs: Initial state 2, risk sensitive parameter 6, variance o2, fixed step-size -y, initial command %9, number
of iterations K, convex costs h;, g;, dynamics )y

2: fork=0,...,Kdo

3: Forward pass

4; Compute along the exact trajectory Z(*) = (a(*), 0) defined by @(*),

Hy = V2hi(e") b= Vho(”) G =Vau(u™) g = Var(ui)
Ay = Vo (2 P, 00T B, = Vb (2 u® 0)T ¢y = Vi (@, Wl 0)T
5: Backward pass
Apply Algo. 1 to
-1 T—1

_ (1 - 1 _ i 1
min - sup Z (2ytTHt3/t + htTyt) + Z (QUtT(Gt +y 7 ) + gtTUt> - Z WHWH%

VERP 5 Rrd Pt

t=1 t=0
subjectto  yy11 = Ay + Byvg + Crwy
yo = 0.
if Algo. 1 cannot output a solution v* then
State feasible = False
: break

10: else

11: Update @+ = 4(*) + 5*, with o* found by Algo. 1

12: end if

13: end for

14: Output: 7% if feasible or last iterate @(*) if not feasible

17



Algorithm 3 Iterative Linear Exponential Quadratic Gaussian (ILEQG) (7)

1: Inputs: Initial state T, risk sensitive parameter 6, variance o2, initial command 12(0), number of iterations K,
convex costs hy, g;, dynamics vy, line-search precision ¢,

2: fork=0,...,K do

3: Forward pass

4. Compute along the exact trajectory Z(*) = &(a(*),0) defined by @(*),

Hy = V2h (™) hy = Vi (2™) Gy = V20,™) G = Vg (ul®)
At — vxwt(xgk)aui(tk)vo)—r Bt - Vuibt(%(sk), ugk)vo)—r Ct - Vw@/}t(xi(tk)vugk)a O)T

5: Backward pass
Apply Algo. 1 to

T—1

T T—1
. 1 ~ 1 . 1
win, s S (Gl Hon i)+ 3 (5o Guoor o) = 3 sl

PERT perd i t= t=0
subject to Yt+1 = Atyt + Btvt + C’twt
yo = 0.

if Algo. 1 cannot output a solution v* then
State feasible = False
: break
10: else
11: Find a > 0 such that 2T = @(®) 4 o5*, with 7* found by Algo. 1, satisfies

fo@* V) < fo(u¥) + €

where fj (w) is the Monte-Carlo approximation of the risk-sensitive loss.
12: end if
13: end for

14: Output: 7%

if feasible or last iterate a(*) if not feasible

18



Algorithm 4 RegILEQG by automatic differentiation for final-state cost (35)

1: Inputs: Initial state &, risk sensitive parameter #, variance o2, step-size ~y, initial command %(?), number of

iterations K, convex costs g, final strictly convex cost h, dynamics ;.

2. fork=0,..., K do

3: Forward pass

4: Compute Z*) = Z(a®,0) along the trajectory

5: Store Vi), (xik), uik), 0)) to compute any Vz#(7*),0)z or V5 #(a*), 0)z by automatic-differentiation
6: Dual problem definition

7. Compute H, = V2h, (2, h, = Vh(@®), Gy = V20, (ul™), G, = Vg, (ul®)

8:  Define G :2— 2(z—h,) T H (2 — hr)

9:  Define @} : ¢ — 3(C—§) (G + ;" 1rp)(C — §) where G = diag(Go, ...,Gr-1), § = (go;---: gr—1)-
10 Define VG : ¢ = (G +7;, ' Lp)(C — §)

11: Define g

[z = @, (2) + GG (=Vad- (6),0)2) = S| Vid- (@), 023
where V&, (@*),0)z and V 32, (a*), 0)z are computed by automatic differentiation.

12: Resolution

13: Define r : 2z — q; (2) — 8| Vaz-(a®),0)z|3

14:  Compute V?r(z) fore.g. z =0

15:  if V27(2) # 0 then

16: State feasible = False and break

17: else

18: Compute z* = conjgrad(Vf) = argmin, g, f(2) where V f is provided by automatic differentiation.
19: Map to primal solution ¥+ = a(¥) 4+ V@ (= Vi (u®), 0)2*).
20: end if
21: end for

22: Output: (%) or last iterate 7(¥) if not feasible
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D Convergence analysis proofs

D.1 Risk-sensitive gradient
We recall the derivation of a risk-sensitive objective below. The proof follows from standard derivations.

Proposition D.1. Given a differentiable function f : R™PT™% — R, define
1

F:u
u—>0

IOg E1T1~N(0,0'2 Irq) exp(@f(@ ’U_)))
Then for u € R™ such that F(u) < 400,
Ew~N(0,02 Irq) eXp(ef(ﬂv w))vﬁf(ﬂ7 711)

Fﬁ: :E’N U u 7773
VE(@) Es~n(0,02 ITq)eXP(af(ﬁaw)) () Vaf (8 9)

where

oo = exp (07(0.0) ~ 51z 0l ~ 0F(@) )

D.2 Approximated risk-sensitive objective

We study the approximated risk-sensitive objective, its truncated gradient and the link with ILEQG in the following propositions.
Note that those results also hold for non-quadratic costs by considering

1o (@) = % log E expl0gn (#(a) + V(1) @; #(1))].

in place of 9y and

in place of V(&) where

Precisely, the approximated risk-sensitive loss 7jg (@) is defined if condition (14) holds, the probability distribution and the expres-
sion are the same. Prop. 2.3 is valid by replacing V#jo (@) by Vije(@).
Proposition 2.2. Foru € R™ with Z = Z(a), if
0?1, = OVE(@)V h(Z)VE(a) ', (14)
the approximated risk sensitive cost is defined and is the scaled log-partition function of
PP . ~NT - 1, L
w0 = exp (0160 V3(0) )5 -6 (@) ). (15)
which is the density of a Gaussian N (., ) with
we = 0SXh, Y =(0 2 L,—0XHX") ", (16)
where X = V#(u), h = Vh(Z), H = V?h(Z) and & = (). Therefore, the approximated risk-sensitive loss can be computed

analytically.

Proof. For @ € R™P, since h is quadratic and @ — 0h(Z(@) + V(@) w) — ||@||3/20? is strongly concave, the function
p(-; 1) is the density of a Gaussian where 07)(a) is its log-partition function. It can be factorized as follows using hz+79) =
h(z) + Vh(Z) §+ 15" V’h(Z)y and denoting X = Vi(a), h = Vh(z), H = V>h(z), z = ©(a),

1 ~ 1
Oh( + V(@) m) — 5o ol =0h(@) + 0(XF) T+ ST XHX T — g ]

=0h(z) — %(w —w.) S (0 — w.) + %ij’lw* (44)
where ¥~ = (6721, —AXHX ") = 0 and
_ ST 1o _ _ _ RS
Wy = alrﬁgegl%x {G(Xh)—rw — §wT(U i —QXHXT)w} =0(c 1, —0XHX ") Xh.
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The first claim follows from the factorization in (44). The approximated risk-sensitive loss can then be computed analytically and
reads

(@) = $1og/(zm2)*”’ exp {Gh( (@) + V(@) w) - %II@H%} dw

:%bg( det(o QE)exp{eh(fH 30T D

2
= —% logdet (L, —00> X HX ") + h(z) + %hTXT(I,p —00*XHX ") ' Xh.

As a corollary we get an expression for the truncated gradient.

Corollary D.2. Given u € R™? such that condition (14) holds, the truncated gradient of the approximated risk sensitive loss reads
Vi (i) = VE(@)Vh(E() + VE(a) w")

where W is given in (16).

Proof. The truncated gradient is the mean of an affine function of w under the distribution p(-; @) defined in (15), it reads then
Vijo(@) = Egmp(say [AW + b] = A, +b

with A, b defined by h, %, . O

We can then link the truncated gradient to the RegILEQ step.

Proposition 2.3. Consider (RegILEQG) at iteration k, if condition (14) holds on @™, the step is defined and reads
a* ) = a® (G 4y L +XHX T HOV)
x (Vg(@™) + Vip(@™)),
where
V =Var, .0, VE@®)Vh@@®) + via™) w)
=XHX (671, —0XHX ") 'XHX "
and X=Vi(a™), H=V?h(z), G=V3g(a™), z=7(a®).

Proof. To ease notations denote a® =g, a**tY = g+ and ~i = ~ such that the ILEQG step reads @+ = % + ©* where 7 is the

solution of the min-max problem
-

min max ¢n(Z + VZ(a)

R o 12 LT
GeR™ weRTP (04 w); 2) + qo(u + v;1) + 5Hv\|2 - WHU’HQ

wher T = ( )s au(Z + 7;7) = h(Z +9) = h(z) + VA(Z) g + 17" V°h(Z)y, same for gy. Denote § = Vg(a),G =

2g(i),h = Vh(z), H = V*h(z) and X = Vi (@). The problem is then equivalent to
min (g + Xh)'o 2 0 (G4 "Ly +XHX o+ max (Xh+XHX"9)"w— %w ((06*) ' 1, —XHX "w
= min (§ + Xh)'o % G4y "Ly +XHX o+ 5(X71 + XHX"9)"((00*) 'L, —XHX ") " (Xh+ XHX "v)
Jnin

where we used (607 21,, =X HX") > 0. Denote
= ((006*) 'L, —XHX ") ' Xh
which is equal to w. defined in Prop. 2.2. The solution of the problem reads then
7" = —(G+~ "Lpy+R) G+ Xh+ XHX @)
where

R=XHX" + XHX ((06>) "1, - XHX ") ' XHX '
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The truncated gradient from Prop. D.2 reads
Vije(@) = Vi (a)Vh(Z(a) + Vi(a)  w.)

= X(h+HX "w.)

which concludes the proof. O

D.3 Convergence analysis

Recall the assumptions made for the convergence analysis.

Assumption 2.4.
1. The dynamics ¢+ are twice differentiable, bounded, Lipschitz, smooth such that the trajectory function I is also twice differen-
tiable, bounded, Lipschitz and smooth. Denote by Lz and {3 the Lipschitz continuity and smoothness constants respectively
of & and define Mz = maxgers dist(&(a), X™), where X™ = arg ming g-a h(Z).

2. The costs h and g are convex quadratics with smoothness constants Ly, L.
3. The risk-sensitivity parameter is chosen such that =2 = o2 — 0Ly l2 > 0, which ensures that condition (14) holds for any
u € R™P,
On X = Z(R"), h is Lipschitz continuous, denote ¢4 (X’) the Lipschitz parameter. Using that h(z) = (z — z*) " H(z —
x*) + ming h(z) with H = V2h(z) and Z* € arg min_ h(Z), we get | VA(Z)||2 < Ln||Z — #*||2 and so
Ly (X) < LpMs (45)

We detail the approximation made by the truncated gradient in the following proposition.

Proposition D.3. Under Ass. 2.4, we have for any u € R™?,
Ve (i) — Vig(@)||2 < 05°LELalz M2 + 626 L3 La3 M2 + 7p6° Ly L ls.
Proof. We have with p(-; @) defined in (15), and denoting h = Vh(z), H = V?h(z) and X = V(a) for & = &(a),
Vilo (@) — V(@) = Emp(say V E@)[ @, VA(E(T) + VE(a)  ©)]
= B V@], @, B + V(@) @, HX ] (46)
Tr(X1, HX " Egep(m[wwd ')
= V2i[, @, h] + : @7)
Tr(X,p,. HX' EwNﬁ(_;ﬂ) [ww']),
where X = V2%(@) and we used the notations defined in Appendix A. We have then
Ewmp(sa) [0 '] = Vargpia) (®) + Egmp(a) (@) Epmp(say (@) = 5 + @,
where W, and ¥ are defined in (16). So we get
Vi () — Ve () = V2E[; W, h] + V2E(W)]-, 0n, HX @] + i V3E(a)[-, ui, HX Tug)
i=1
where & = 3°7P w;u) with ||ui]|3 < Amax(E). Therefore
IVita () = Vio(@)llz < Lz |[w-]|20n(X) + La|l@. |3 Lnts + rpLa||]l2 Ltz

where £, (X) is the Lipschitz parameter of h on X = Z(R"?) that can be bounded by (45) and we used the tensor norm defined
in (20). The bound follows, using the definitions of w. and %, i.e.,

[@.ll2 < 0(c™% — OLnl3) ™ Laln (X),
1]l < (672 = OLuL3) ",

The convergence under appropriate sufficient decrease condition is presented in the following proposition.
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Theorem 2.5. Under Ass. 2.4, suppose that the step-sizes of (RegILEQG) are chosen such that

L B B 1, _ _
fe(u(kJrl)) <my, (u(k+1); u(k>) + muu(kJrl) _ u(’“)||§, 17)

With Y, € [Ymin, Ymax|- Then, the approximated objective fg decreases and after K iterations we have
; o (0(©) — fo(u®)
. NN 2(fo(u®) — fo(al®))
_min_[[Vfo@®)]z < # - +4,
where L = maxy e[y, ;. ~mae] VI (Lg + 71+ (6/0)?03L4), 6 = 05°Lj, Lsls M3 + 0°6*Lj, L (3 M2 + 7p&> L L ls.

=0,...,

Proof. Under Ass. 2.4, the model my, (; ﬁ(k>) defined in (12) is convex as shown for example in the proof of Prop. 2.3. By using
that o — my, (7;a®) + e O a™™ |3 is ~, * strongly convex with minimum achieved on 711 we get

2 1
Jo(@®) = my, @) 2 my, @ 5a®) + S a®t — a3

a7 . 1
> fe(ﬁ(k+1)) + ﬁna(’ﬁl) _ a(k)H; (48)

Rearranging the terms and summing the inequalities we get

K—1 s s
LS Lt o < SO - (@)
K= 2 - K ‘

Now using Proposition 2.3, we have that
IVg(@™) + Vip@™)l2 < (Lg + 7" + [1R]]2)[a* " — a®2,
where
IR|l2 = | XH?QA-HXT(XHX" — (0c>) ' D' XHYH2X ||,
| XH*(1-00H*XXTH") " H2X |2
2Ly,
- 1- 90’2£%th

using that for a semi-definite positive matrix As.t0 < A < I, [|[I — Al|2 > 1 — Amax(A) and ||H"/?||3 = ||H||2. Therefore we get

2L (fo(a'®) — fo(a™)))
K

i [1Vg(@®) + Vi @®)|l3 <

=0,..

where L = maXy ey, ymas] VI (Lg 77" + (6/0)*¢3Ly). Finally, using Prop. D.3, we get

. Fo (@O — fo(a®) .
_min [ Vip@®)]z < L\/2(f9(“ )K Fo@)) 4 06212 Lata M2 + 026 L3 Lati M2 + 7p5> L Lals.

The following proposition ensures that on any compact set there exists a step-size such that this criterion is satisfied.

Proposition D.4. Under Ass. 2.4, for any compact set C' there exists Mc > 0 such that for any u € C,v € C, the model my,
approximates the approximated risk-sensitive loss as

5 Mc||o||?

|[fo(u+v) —my, (a+v30)| < ¢

Proof. Denote Rc = maxgec ||t||2. Denote X = V# (@), H = V2h(Z). Following proof of Prop. 2.2, we have
my, (4 + 0;4) =h(Z(a) + V(@) v) — 2% logdet(I—0c*XHX ")

+ ?Vh(:z(a) + Vi) 0) X (1, —00*XHX ") ' XVh(i(a) + Vi(a) o)

+ g(u + )
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(@) "©). On the other side, denote § = #(@ + ©), Y = Vi(a + o) and h =

In the following denote h = Vh(&(a) 4+ Vi
Vh(Z(a + v)) = Vh(g), such that

fola+ ) = h(g) — 2i log det(1—00’Y HY ') + ﬂjiﬁﬂa —05°YHY ") 'Yh+ g(a+ o)
First we have using Z. € arg mingcg-a h(Z),

|h(E(a +0)) — h(Z() + Vi(a) 0)| (#(a+v) + (a) + Vi(a) v — 2z") " H(Z(u+ v) — () — Vi(a) )]
< 3(2Mi + £z Rc) L Lz |93

L logdet(I—0c*XHX ")

Then denote
f(X) = DY)
such that
1970l = o?| (100> X HXT) X H < — T Lnle
2T P 10022
Therefore
If(X) = f(Y)] < 4]|VE(a+ 0) — VE(a)]|2

LnlzLz | _
< _ hterz
< o e

where £y is the Lipschitz continuity of f for X s.t. || X||2 < 4.
Now for the last term we have
Tr(F(Y)hh') — Te(F(X)hh") = Te((F(Y) — F(X))hh") + Te(F(X)(hh" — hh"))

where F(X) = X T (1-00>XHX ")~ X. Define for M € R™*"¢ with M > 0,
L MXT(1-0°XHX ") ' X).

Fur(X) = 5 Tre(
‘We have
IV (X))o =106 XHX ) ' XM 4 06°(1—00°XHX ) ' XMX " (1-00>XHX ) ' XH||»
< M2t 90 ||M||263 L,
- 1—90’2th92~6 (1 —00’2Lh€3—6)2'
Therefore
| Te((F(Y) = F(X)hhT)[ < Ly Y = X2
(3 052031y,

= L:T: v )
1- 0U2Lhe§)2) 1o1l2

<02
S bis (1 — 002 Ly l2

where £, . is the Lipschitz continuity of fj,;,+ for X s.t. || X[|2 < £3. Finally
| Te(F(X)(hRT — hh")| = | Tr(h+ h) T F(X)(h — h)|
< (2(;1 z+ thngc) eé LypLz HEH%
- ’ 1-— 00’2Lh£§ 2
Combining all terms we get
. 1 512
[fo(a+v) —my, (a+ )| §§(2M55 +4zRc)LnLsz ‘|712H2
n 2Lplz L5 ||1_}H§
(1— 00°Lnl2)Rc 2
Lz 00203 Ly, 513
05> 05, 5 = z Lzt 2
A (1 Sy 902Lhe§)2> 2
2 —112
RPN

+ﬁ(2e s + LnlzRe)
D s Wy

This concludes the proof with
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202 Lplz Lz
(1 - 002L,2)Re
Uz 90‘2£2Lh 90‘2 [%
1 002L,2 " (1= 002Lhe;)2) Lot =5~ Qbvs + Inba Ro) 75057 7

Me =%(2Mi + 0:Re)InLs +

LpLs.

+ 0505 5 (
O

Finally the iterates can be forced to stay in a compact set such that the overall convergence is ensured as shown in the following
proposition.

Proposition D.5. Let So = { : fo(@) < fo(i'?)} be the initial sub-level set of fo and assume So is compact. Consider the
iterations of RegILEQG in (RegILEQG). Assume that

e =4 =min{y", Mc'},
where Mc is defined in Prop. D.4, and denoting B2 1 the Euclidean ball of radius 1 centered at 0,
lo = max |[Vg(a) + Vitg(@)2, €= So+ By
w€So
Then the sufficient decrease condition (17) is satisfied for all k.

Proof. Given 4®) € S, we have from Proposition 2.3, using v < Ly !
@D —a® s < il|Vg(@™) + Vi (@)l < 1.
Therefore @w**1) € Sy + B2,y = C and @®) € C. They satisfy then, using v < Mgl,

; M 1
Fo@* D) < g, @HD; a0 4 S — GO <, @300 4 a D —a®)
Therefore @**1) € S. The claim follows by recursion starting from a® =a® ¢ . O

E Detailed experimental setting

E.1 Discretization of the continuous time settings
The physical systems we consider below are described by continuous dynamics of the form
2(t) = f(2(1), 2(1), u(?))

where z(t), 2(t), 2(t) denote respectively the position, the speed and the acceleration of the system and u(¢) is a force applied on
the system. The state z(t) = (x1(¢), z2(t)) of the system is defined by the position z1(¢) = z(t) and the speed z2(¢) = 2(¢) and
the continuous cost is defined as

J(:Jc,u):/0 h(:c(t))dt+/0 g(u(t))dt or J(m,u):h(x(T))+/0 g(u(t))dt,

where T is the time of the movement and h, g are given convex costs. The discretization of the dynamics with a time step 0 starting
from a given state Zo = (2o, 0) reads then

Ti,t+1 = T1,¢e + 02t
fort=0,...7—1
Tae41 = ot + 6 f (T1,e, Taye, ut)

where 7 = [T'/4] and the discretized cost reads

JE ) =3 hw) + 3 o) o J(@m)=hle) + 3 o).

E.2 Continuous control settings

The control settings are illustrated in Fig. 5.
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Figure 5: Control settings considered. From left to right: pendulum, two-link arm robot.

Pendulum. We consider a simple pendulum illustrated in Fig. 5, where m = 1 denotes the mass of the bob, I = 1 denotes
the length of the rod, € describes the angle subtended by the vertical axis and the rod, and ;x = 0.01 is the friction coefficient. Its
dynamical evolution reads

0(t) = -7 sin6(t) — W@(t) + Wu(t)
The goal is to make the pendulum swing up (i.e. make an angle of 7 radians) and stop at a given time 7". Formally, the continuous
cost reads

J(,10) = (7 — O(T))® + M6(T) + Xo /T (), 49)

where z(t) = (0(t),0(t)), A1 > 0and A2 > 0.

Two-link arm. We consider the arm model with 2 joints (shoulder and elbow), moving in the horizontal plane presented by [Li
and Todorov, 2004] and illustrated in Figure 5. The dynamics read

MO()0(t) + C(0(t),0(t)) + BO(t) = u(t), (50)

where 0 = (01, 02) is the joint angle vector, M () € R**? is a positive definite symmetric inertia matrix, C'(0, §) € R? is a vector
centripetal and Coriolis forces, B € R?*? is the joint friction matrix, and u € R? is the joint torque controlling the arm. See below
for the complete definitions.

The goal is to make the arm reach a feasible target z* and stop at that point. Denoting 8*(z*) a joint angle pairs that reach the
target, the objective reads then

T
J(x, u) = [16(T) —9*(2*)H3+/\1||9(T)H§+/\2/ lu(t)l|3dt, (1)
0

where z(t) = (6(1),0(t)), A1 > 0, A2 > 0.

Detailed two-link arm model. We detail the the forward dynamics drawn from (50). We drop the dependence on ¢ for
readability. The dynamics read

6=M(@O) " (u—C(0,0) — BF).

The expressions of the different variables and parameters are given by

—92(2é1 + 92)

M(9) = (al +2ascosfs  az+ az 00502> C(0.6) = ( o ) 2 sin 0
1

a3 + as cos 02 as
a1 =k + ky +mol?
_ (b1 b2 —
B = az = malids
ba1 b2z .
az = ko,

where b11 = ba2 = 0.05, bi2 = b21 = 0.025, [; and k; are respectively the length (30cm, 33cm) and the moment of inertia
(0.025kgm? , 0.045kgm?) of link i , mo and ds are respectively the mass (1kg) and the distance (16cm) from the joint center to the
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Figure 6: Convergence of iterative linearized methods, with regularization, RegILEQG,
without regularization, ILEQG, on the two-link arm problem.

center of the mass for the second link. The inverse of the inertia matrix reads'

M@O) = 1 (7( as —(a3 + az coseg)) .

(a1 + 2a2 cos(62))as — (as + a2 cos 02)? as + azcosb) a1 + 2azcosbs

E.3 Noise modeling details

For the two-link arm we use o9 = 1/||M ()| to normalize the noise in the risk-sensitive and the test costs. Otherwise the
modeled noise led experimentally to a chaotic behavior. Precisely we use for the risk-sensitive cost,

Ti,t+1 = L1, + 02t
fort=0,...,7— 1.
Top+1 = Tt + 0f (@1t To,e, ut + we)

with w; ~ A(0, 52 T) and for the test cost,

Tie41 = X1, + 0T2¢

fort=0,...,7— 1.
Zat + 0f (21,6, T2,e, ur + pL(t = tw))

T2, t4+1

where p ~ N (0, otest /00 1) and the plots are shown for increasing oes¢. For the pendulum problem we did not normalize the
noise. We leave the analysis of the choice of ¢ for future work.

E.4 Optimization details

Convergence results. For Fig. 2, we took A1 = 0.1, A2 = 0.01, 7" = 5, in (49) for an horizon 7 = 100 and § = 4. We present
in Fig. 6 the convergence obtained for the two-link arm problem, where we used the same parameters for A1, A2, T, 7, 6. The best
step-sizes found after the burn-in phase were 8 for RegILEQG and 0.5 for ILEQG. Again the advantage of the regularized approach
is that it can select bigger step-sizes while staying stable.

Robustness results. For both settings we used RegILEQG with a burn-in phase of 10 iterations and a grid of step-sizes 2° for
i € {—5,5}. We run the algorithm for 50 iterations and take the best solution according to the approximate risk-sensitive function.

For the pendulum problem we used A\; = 10, A2 = 107, T' = 5, for an horizon 7 = 100. For the two-link arm problem we
used Ay = 1072 and A2 = 1073, T = 5, and the same horizon.

Note that the dynamics have continuous derivatives if the norm of the denominator is bounded below by a positive constant 0. We have
(a1 + 2a2 cos(62))az — (a3 + az cos2)? = o — B cos? Oa

with

a=as(a1 —a3) = kiks + mgl%kg B = a% = m%l%d%,
which gives @ = 9.1125 x 1072 and 8 = 2.304 x 10~3. Therefore it is bounded below by a positive constant, the function is continuously
differentiable.
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